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Approximate Analytic Solutions for the Primary
Auroral Electron Flux and Related Quantities

I. INTROI)L (:'riON

The probler of calculating the distribut ion function for auroral elect rons may

be approached from two points of view. one approach is to neglect collective

effects and treat short range particle-particle collisions using linear transport

theory; the other is to neglect short range collisions and treat collective effects

using quasilinear or nonlinear plasma kinetic theory. At high altitudes the latter

approach is often used as the plasma is essentially collisionless, whereas at low
altitudes (below about 250 km) linear transport theory is generally used as the
plasma is neutral particle collision dominated. '[he question of how to combine

the short range and collective aspects of the problem is, and should be, an active

area of research. In this paper we confine our attention to the lower iornosphere

and apply the methods of linear transport theory to calculate the auroral primary

electron flux.

There is an extensive literature on the subject of electron transport in the

auroral ionosphere. The various approaches may be categorized as semi-

empirical, range theoretic, Fokker-Planck, Monte Carlo, and transport theoretic.

Early work on transport properties of KeV auroral electrons comes from
1

Chamberlain. Estimates were made of ionization rates as a function of altitude

(Received for publication 2 March 1981

1. Chamberlain, J. W. (1961) Physics of Aurora and Air-glow, Aradeic Press, N.Y.
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tor energetic KeV electrons. The rates were based on deposition results of

Spencer who solved the electron transport equation using the continuous energy

loss approximation. 2, Rees 4 (a semi-empirical approach) applied an energy
dissipation function based on laboratory data by Grun. 5 The forms of the func-

tions obtained by Rees provided altitude profiles oif the energy deposition and

ionization rates for monoenergetic arid energy distributed sources with various

pitch angle dependences.

Walt et al, were the first to provide altitude, energy, and pitch angle infor-

mation on auroral electron fluxes in the KeV range. 6 To do so they obtained a

numerical solution of a Fokker-Planek equation which was originally used to study
7

the properties of electrons trapped in the radiation belts. The method assumes

continuous energy loss and small angle scattering. Banks et al, 8 joined together

Walt's Fokker-Planck method and a low energy approximate two-stream transport

method by Banks and Nagy, previously applied to photoelectron transport. The

resulting equation was solved numerically.

Beget et al, chose to examine auroral electron transport by applying Monte

Carlo techniques. 10, 11 Backscatter yields, backscatter spectra, and altitude

profiles of the energy deposition rate are among the transport quantities that were

calculated by this method. In the first (if the two papers noted above, information

was also given on the lateral spreading of KeV, narrow electron beams.

2. Spencer, L. V. (1955) Theory of electron penetration, Phys. Rev. 98:1597.

3. Spencer, L.V. (1959) Energy dissipation by fast electrions, National Bureau
of Standards Monograph 1,

4. Rees, M. H. (190;3) Auroral ionization and excitation of incident energetic
electrons, Planet. Space Sci. 11:1209.

5. Grun, A. E. (1957) lumineszenz-photometrische m,'sungen der energir-
:b~sorption im st rahlungsfeld von elect ronquellr, iridimensionaler fall in
luft, Z. Naturforsch., Ser. A, 12:89.

6. Walt, M., MacDonald, W. 11. , and Francis, W. E. (1967) Penetration of
auroral electrons into the atmosphere, Physics of the Magnetosphere,
R. L. Carovillano, J. F. McClay, and H. R. tHadoski, eds., D. Reidel,
Dordrecht, Netherlands, 534.

7. MacDonald, W. M. and Walt, M. (1961) Distribution function of magnetically
confined electrons in a scattering atmosphere, Ann. Phys. 15:44.

8. Banks, P.M., Chappell, C. IR., and Nagy, A. F. (1974) A new model for the
interaction of auroral electrons with the atmosphere: Spectral degradation
backscatter, optical emission, and ionization, J. Geophys. Res. 79:1459.

9. Banks, P.M. and Nagy, A. F. (1970) Concerning the influence of elastic
scattering upon photoelectron transport and escape, J. Geophys. Res.
75:1902.

10. Berger, M.J., Seltzer, S. M., and Maeda, K. (1970) Energy deposition by
auroral electrons in the atmosphere, J. Atmos. Terr. Phys. 32:1015.

11. Berger, M.J., Seltzer, S. N., and Maeda, K. (1974) Some new results on
electron transport in the atmosphere, J. Atmos. Terr. Phys. 36:591.
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There are at least three t ransport models utiliv'ing the linear transpor't

equaiito \hich have recently been applied o auriial studies. These ate the

tlels of Sttickland et al, 12 Mantas and Stanines. All three ndels give a

detailed descriptin , elastic scattering and illok-, for discrete energy loss. Dif-

fetrences aris, n the representation ,r the flux within the collision integral and in

the method .)f integration over depth. Strickland et al, allow the flux to satr

quadtaticallv in fn F :ard .inoarl in " within any given E, " cell. 12 The quadratic

dependence introduced because of one:gy cmsetvation problens fotr a linear

dependence when treating energetic fluxes above several IKeV. The integration

ovet depth is carited ou' by either a finite difference toe-hod (second omrder

pi'ed'ctor-(cr Lecto' ( o' an eigenvalue method. The latter, appt'oach was found t ,

be mu-h fast er, and mtre accurate. lantas allows the flux to vary linearly in
11

both F ani i .with in any Ii, a cell. lie also uses a linear dependence within a

given , cell which leads to the standard finite di fference expression rot- the first

order z derivatives. Stamnes treats the " dependence (,f the problem by the dis-

crete ordina'e method and considers the flux to be constant within a given F cell

(ceonmonly called the multigroup approximation). 14 For a good discuss ion ,,f the
15 12

disctete ordinate and multigroup methods see Davison. 5Like Strickland et a l,
14

Stamnes uses an eigenvalue technique to carry out the integration ovet depth.

The discrete ordinate method foc treating the angular dependence (,f the electron

flux converges poorly for highly anisotropic scattering kernels. Therefore, the

angular dependence of the results if Stanmes at high energies in the backward

direction are qu-stionable. All of the transport methods lead to a truncated

matrix equation which is solved numerically.

Ine new feature of the work presented by us in this paper is that we give

approximate analytic solutions for the primary auroral electron flux in the down-

ward hemisphere and related quantities. All previous work on this problem has

resulted in numerical solutions. The analytic results, though approximate, are

useful in giving insight into the physics of auroral electron precipitation and in

carrying out further analytical studies of auroral phenomena. For example, in

work currently in progress using the multiple scattering method, we show that

elastic scattering can be included rigorously and that the solution given in this

12. Strickland, D.J., Book, D. I.., Coffey, T. P., and Fedder, J.A. (197;)
Transport equation techniques for the deposition of auroral electrons,
J. Geophys. lies. 81:2755.

13. Mantas, G. P. (1975) Theory of photoelectron thermalization and transport
in the ionosphere, Planet. Space Sci. 23:337.

14. Stamnes, K. (1978) A theoretical investigation of the interaction of auroral
electrons with the atmosphere, Ph. D. thesis, University of Colorado,
Colorado.

15. Davison, B. (1957) Neutron Transport Theory, Oxford Press, London.
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Paper is just the leading term in an iterative sequence of solut ions whic-h trepats

the complete problem including secondary electron production. In work also in

Progress the method presonted in this paper is used to solve the coupled proton-

hydrogen p reci pitat ion problem for the proton aurora. These so lut io ns for the

p rot on and hyd rogeni flux and related quantities a re similar to thle ones oresented

here for the electrcon prec ipit at ion problem.

2. B-VIC IQL VTION

For a rine constituent atmosphere the 1inear transport eqiratin for energet c

elect rins in plane-parallel geomet iv is

A here -, is the elect r flurx, ni is the neutri-l dens itY, and

t I

IfIce, z is thle altitude, EC the particle enev cg,~ h os inve ,f The anLd1 oh c on

the pairt ice velocityv and thle positive z-axis, aid o.i the drifreeltazl cross Sectine

per unit energy range (referredk to herea-,fter' aIs thle differenial cr55 set ion) fr

electron-neutr al particle scnttering w here the neutral pzirticte ninkes ai trainsit ron

fi om the ground state to tile final state j. The tota cross- Sect ion, I- rI) e-

lated to the differentia cross sect ion b-y the formula

:1. EQ1 *rION FOR 'I'IF PIIAll v i.(VI'IIoN vit\

Thre di fferential cross sect iolns describe elaist ic, excitaition, antI rrm'a m

tyerillisirins betwNeen the electrions and thle necutra'l particles. InII'arntp

'ollis ions addi tioinal (seconda t-) lctC1'M rits reprduced. 'Ihelec(rot flux III

Eq. (1) includes both primiaryv and secrinda rY electrons. The soconda) I"\ lecr IruI

10



s pect ruri i s I i ghlyIN peaktd at Ilow ene rgi es E'A m~ ith ,'erv few see-nia the -

trons at higher energies ( E ). Ini the aurwra' romosphe re E,, is S~ralha1t
ii n I i

a rbitrary but is orn the, order of 1 2 li'V for1 )1-1 piiar ot- o(t ,I)S raritvn v fral II-

1 to G;o l'eV. If we restrict the ene rgy range oif 1-:q. (1) to, liiLht ontei~ics, \ke mi tl

approximate the elctron flux bN. neglectillag the sectlar tie coralplired lt the,

Primarlies; that is,

primrie s fr :l in

arlid use al different i:a1 -ross ecioni rwI nit/at torr-TN pi Coil Ill.trim that ii'

onlx- tilt sctte ring oif the priirrv electrons. Viair~the rrlattIiI-p

sions In thr~is no maIllly aIpproximailte thet Iliffeteattal ctoss Sections fe! IKcV

auro iii electrotns bN-

exkPl Va 2) 1 1:)6 1 K \ k exk (O

(pp)
if it

I Ite tIl -absc t- lSt r , ox, zmitt] r,e to ,-:t I S I I ttal t i,oi )tt iat i -I t ),

I IIll i1riS, I eIS I cttoeI I 'v is I IreII i~r 1,It i titI !,1, ite rutl Itl'tt5 !'s%1,

I ic Itn L4 itld L4 :11til c r tt all -I i I 1, 11 t Ilie I t ti1 c V s sectI I t Il r' cI i ~
1 5 s" I s I te I~ I~ i I Ii S 111)( 1S Ipt 1) -ftots t )II t ii !*v elec nt a .

i tir I I XcItitltI , I tr-r . ln a il Is'i I I, "11 h Is', Ic Ita it I u I r.

Itt t teou55 Sect fo ti t prlti~ t oklltilir flx- q ) -1

c-aSS seelitls p-ott - li lI 1qs. (hi), (6'), cr1 (7), ,rtvi is vutu Ce' 1: 1:

I t t I t i'r Ii tp Sn t I fi t 5 i It t li Fi f Iti i I Ii5 Z, t I It )t Il Ill( '(11:1

pi,:)xktl iit) Itt fit, - atvli jrcit Ion, t Ilrc"\c it itl lot. Itilki itomil l lot Ittt\ ~ a l - V i-

I tl'li- )pa stvnrBl P t r s es W.K. I Ili . l livs 1. :4 l 7 1t).StI I

sec(Ild I I(,(, I !I Sj)( , I : 1 l d b ''II Il 1Il1: t 1Il

F 0 0.--..-- - -- -- -. '

L m 
- - -- -,--



even more highly peaked than the elastic collisions, and 2) the average energy

loss per inelastic collision (excitation and ionization) is a weak function of the in-

cident electron energy. This suggests that for inelastic collisions we make the

forward-scattering and average discrete energy-loss approximations:

a aexk(E E) (2f) -1 (z Qexk(E')\ 6 [E' (E + W)1 6(,' -M)

k \k/

(8)

Z crp)(Eu~ L,,E) (2 11)1 ( Q, I(E 1)) E'I - (F + W)]1 6 (m -u ,) (9)

where W is the average primary electron energy lost per inelastic collision

defined by

[ Z "k Qexk() + X f dE1 W - I') (P(E, E)]

-l

e~xk( it .

W as a function of E for the auroral cross sections used by Strickland et al, is

32, 36, 42 and 48 in eV for 1, 3, 10 and 30 KeV primary electron energies,
12

respectively. In the average discrete energy-loss approximation W is assumed

constant. For elastic cross sections a screened Rutherford cross section is

often used:

G e(E' ,A EP) - (2ff)IQe(E') (L' - 0) p(r ', ) (11)

p(r?,iu,, ) = 2rj(l + rj)(l + 2r7 - (12)

[(i + 2,1 -,') - (1 - P2)( - u 2 )1 3/2

where q is a function of energy. For graphs of p as a funt ion (f r, M' and pi, and

r7 as a function of E see Strickland et al. 12

12



Insert ift I~q. (8) throuigh E~q. (12) into, Eq. (1) an,] transfrrnrnp Eq. (1) to,

ain equat ion III term11s fr 11 Iepticail depthO, T, .'.he re.

(IT nzQ(K d/' (13)

w~e obtain

TQ ( I ) (D ( T ,

(14)

wheire Q~ ;nl Q cettote Ire total ;Ilfelis-ti Ic in total ilast ic( cr55s sct inos, respe -

t ivcl' andl 7 ienotes T(7' I:. The rtri , (Qi - W) (l) is neair 1 and Ithe ratio

Q,(I:) Q(Ec), as alv bY Strickland t- A, is 0. 84, 0. 62, 0. 45 and 0. 37 for 1, 3,

10 anJ :30 KeV primar nvelecti ron energes respectivel . -,- (i n the( right -11ord side.

(,f Fq. (14) W e maY v-iew% the second aind third terms ais produt-cing a cowilctio to

thre fi Ist term. This correction is not necessarilY small, lot examiple, %%e4 knion

that in the backwNard hemisphere elastic scattering is the tlbm nate press andi

(-,ot ributes the roost to) the backscatti'c flux. The sorlution here is very. sensi -

ive to the ratio Qe Q and to the Precise shape of p(i7, tr 'I0. lowever, in the

rlowtrA aid htemnisphere we expect the firs termn on the right -hand side o f I2q. (14)

topv(dur a cont ribut ion to (D%0hich is comparable to Or larger than the cont ribu-

ion made b-y the second and third terms. In this paper a e seetk an aipproximation

tothe flux in the downward hemisphere. An eoquation F r such an approxi riat c

s(, ui on is (obti Ined from VEq. (14) hr-, taking tire limit of th functiton p as E' - a

(07 - 0). It c-an be shown that

P(rt, 9 , ) b(O' - M) .(15)

110

In the high-energy approxi mat ion elastic scattering heromies hi ghly peaked in

the frwar direct ion and drops out oif Eq. (14). Wie obtain

4 P((Z E),E~)Q(E f WV) ((, J%' XVk), 1: + W, ~ lm

1:3



F:quation (16) is a partial differential-difference equation fror the primary electr, n

flux now denoted by D, as a function of r, F and , approximately valid fir

0 - T < , E min - -. H , and -1 -5 0.

5. MIUL'TlPLE SCATTERIN; METIIOI)

The multiple scattering method may be applied in principle to any linear

transport equation satisfying certain general requirements. For a discussion of

the multiple scattering method applied to elastic scattering see Goudsmit and

Saunderson 17 and Wang and Guth, 18 to inelastic scattering see Fano, 19 and ti

both types of scattering see Case and Zweifel. 20 In our case we wish to apply it

to Eq. (16) which contains only inelastic scattcring. To do so we rewrite

Eq. (1;) as

P ) . 4" (17)

where f is the linear operator that shifts the energy variable of D by W and

multiplies by Q( E + W)/Q(lE). The multiple scattering method consists of writing

00
J (T, E, p) = X Onr,'; ) , (T,)

n-0

where the 0n satisfy the infinite system of equations

- 1 0 0 (19)

2 + 01- , (20)

17. Goudsmit, S. and Saunderson, J. L. (1940) Multiple scattering of electrons,
Phys. Rev. 57:24.

18. Wang, M.C. and Guth, E. (1951) on the theory of multiple scattering, par-
ticularly of changed particles, Phys. Rev. 84:1092.

19. Fano, U. (1953) Degradation and range straggling of high-energy radiations,
Phys. Rev. 92:330.

20. Case, K. M. and Zweifel, P. L. (1967) Linear Transport Theory, Addison-
Wesley, Heading, 48.

14
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+ On O 2n-1 21)

and then solving for the n subject to appropriate boundary conditions. If D exists

it is referred to as the multiple scattering or orders of scattering solution. The

fact that Eq. (18) is a solution to Eq. (17) is seen by adding the above infinite

system of equations for the 0a"

The function 0 n which we may call the nth order partial flux has a simple

physical interpretation. 4o is the flux of particles per unit energy per unit solid

angle at z, E, and M which have experienced no collisions, 1 is the flux of

particles per unit energy per, unit solid angle at z, E, and which have scattered

once, and so on for each order of scattering denoted by n.

6. MULTIPLE SCATTERING SOLUTION

The boundary condition for electrons incident at the top of the ionosphere is

D (0, E, p) = (E,,) for -1 !5 u < 0 (22)

This implies that for n = 0,

00(0, E,) =- 5(E,) for - _1 / < 0 , (23)

and for n 1,

On(0, E,/) = 0 , for - 1 : ' < 0 (24)

No particles are incident from below the ionosphere.

The solution to Eq. (16) may be found as follows. The solution for o subject
0

to the above boundary condition is

O(E,.)oexp, (7-/,) , 1! u < 0
0( E,<U) (25)

1 0 5 !5 k

15



and the solution n irn terms oif n-1 For n 1 is

T

On (TE,A) = - ecp (T /p) dt p- b i4mn-(bll t , E 
+ W,p) exp (-t/p) (26r)

for -1 p < 0. For 0 < p 1 the n are zero. The complete solution is

00

l,(Tr I,) = 411, exp (r/P) + Z D(1E + nW, )bnl(E)

n=1

X [11 n(7/p , ) - 1n (0, P) exp (7/p)j (27)

for" -1 p 0, and D = 0 for 0 -5 p 1. rhe recursion t'elation f'or the 11 Func-

tions is

exp (-x) t 1+1(x, E) - In+1 (0, ) =

x

- r dx' exp (-xV)[Hn(bllxw , E + W) - Htn(0, E + W) exp (bllxll . (28)

An explicit for'mula for the general 11 function has been worked out by mathemat-

ical induction but, as it is quite lengthy, only the first three functions will be

given hOe:

tl 1(x, I) a 1 I)xp (bl Ix) (29)

l.2x, IL) d 222 (2 - 12.2l p (b l x) (30)

3 (x, V) a az 3 2 a1 exp (b 3 1 x) - a 33 :1 3 2 a1 exp (b1 1 x)

a a 3 3 a'2221 v xp (b, 1  + a 3 3 a22 a 1 exp (b11  . (31)

In the above 'formulae wev have int 'odue(d t h(, rolo, ing (eririt ions:

M1 T (.') QO(.: + lw) 'Q(IE + (I1 - )W) (32)
trll flllI
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anm anm (E) a1 -bnm(E) (33)

Equation (27) may be rewritten in an alternative form as

00 n

. (T, E,.) = 4(E, M) exp (T/p) + Z o(E + nW,p) An,

n=1 1=1

x [exp (B Ir/M 4 ) - exp (T/M)], (34)

where

BIE) = BI = b 1(E) (35)

and the first few A - A (E) are

All = + b11a11 (36)

A22 = + b21 a22 a21 (37)

A 21 = - b 2 1 a 2 2 a 1 1  (38)

A 3 3 = + b 3 1 a 3 3 a32a31 (39)

A 3 2 = - b 3 1 a 3 3 a 2 2 a 2 1  (40)

A 3 1  b 3 1 [+ a3 3 a 3 2al- a 3 3 a 2 2 a I] (41)

Several comments about this solution are in order. The primary electron

flux, 0, is an exact solution to Eq. (16) which is in turn an approximation to

Eq. (1). The fact that it solves Eq. (16) exactly can be verified by direct sub-

stitution. The value of D depends linearly on its boundary value; doubling the

incident flux doubles the flux at all altitudes. The solution yields no backscattered

primary electron flux. The reason for this is that in the forward scattering ap-

proximation elastic scattering drops out and no particles are scattered into the

backward direction.

17
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7. HEMISPHERICALLY AVERAGED FLUX, ENERGY DEPOSITION
RATE AND IONIZATION RATE

The hemispherical electron flux, DH' is defined as the average value of the

electron flux over the downward hemisphere and is

0

0H (,E) = 27 f du J('r, E,p)/27r . (42)
-l

The energy deposit;on rate, r,, is defined as the energy deposited per unit vol-

ume per unit time by the precipitating electrons, and is given in plane-parallel

geometry by

00 +1

Y (lz) = 2r dE d,, En(z)Q(E) a d(- , (43)

o - l

The ionization rate, rli, is defined as the number of electron-ion pairs produced

per unit volume per unit time. This can be found to a good approximation from

r1 E by using Bethe's formula
2 1

, i(.) n E(7)11.s , (44)

where IEs is a constant. A good value for E. for auroral electrons has been

found to be 34 eV. In this way we find an approximate formula for ri without

solving explicitly for the secondary electron flux.

8. SOII TIONS FOR SPECIFIC INCIDENT ELECTRON FLUXES

8.1 Preliminary Reniarks

In this section we give analytic expressions for the quantities defined in

Section 7 for several specific forms of the incident electron flux. Before we do

so, we remind the reader that our analytic solution for the electron flux is only

valid for E > E mi n . However, in the energy integral from 0 to c which defines

nE, we note that the contribution to the integral below Emin only amounts to a few

percent for auroral electrons.

21. Bethe, H..A. (1933) Ilanbuch dec Physik, Vorlag Julius Springer, Berlin
24:491.
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8.2 idirectional-Ntonoenergetic Incident Flux

For a unidirectional-monoenergetic electron flux incident at the top of the

ionosphere the boundary condition is

(D(E, j) ( )6(E - Eo) 6(u +o) , (45)

where Qs is the total energy flux in the downward direction, EO is the electron

energy, and p 0 is the cosine of the angle of incidence, X, where 0 -m y < IT!2.

The electron flux is

R( E,p) 6(p + O) 6(E - Eo ) exp (Ti'p)

+ Z (E + nW - Eo) b n (E) [t n (Ti, E) - H n (0, E) exp (T/p)

n=l

(4';)
The hemispherical flux is

('(, F ) )6(E - E o) exp (-o/p)

+ Y 6 (E(E0 - nW))b ,[H n(-7/p 0E) - tin(0 , E) exp (-T'p.)]

n=1

The energy deposition rate is

(Z) = (Q Q(Eo)n(z) exp (-'(z, Eo)Mo) + Z (1 - nW/E) b 2 (E - nW)

S0 n=l

" [n(-7'(z, E0 - nW)!po, E - nW) - Hn(0,E - nW)

" exp (-T(z, E - nW)/,u)] }  (48)
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where the I functions are

In(x, E) (49)

It should be pointed out here that the above sums do not extend to (X but to a max-

imum value, N, given by N-V = F ° - 'min .

8.3 Isotropic-Maxwellian Incident Flux

For an isotropic-Alaxwellian electron flux incident at the top of the ionosphere

the boundary condition is

I-E,A) - E exp (-E/Eo) , for -1 . p< 0 (50)
(21IQ,/ 0h

where Qs is the total energy flux in the downward direction and E is the charac-

teristic energy. The resulting electron flux is given by

P('r,E,j) E exp (-E/E0) exp (7 /) + Z (E + nW)

n= 1

X exp (- (E + nW)/Eo) bnl [Hn(T/, E) - H (0, E) exp (T/A)1}

(51)

with 0 = 0 for 0 - 4- 1. The hemispherical flux is

Qs0

H (z , E) E exp (-E/E o ) E 2 ('r) + I (E + nW)
n=1

X exp (-(E + nW)/E o)bn1 [Kn(T, E) - Hn(0 , E E 2 (T)I} (52)

where E 2 (x) is the second exponential integral function defined by

E 2 (x) f dt t - 2 exp (-xt) (53)
1
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The first three K-functions are

K1(x, E) a E2(b11X) (54)

K2(x, E) a a 1FE2(b2x) - a22 l E (b l l x) (55)
2 a9 2a 2 1E92b 2 1 ) 92211 2

K 3 (x, E) a 3 3 a 3 2 a 3 1 E 2 (b 3 1x) - a 3 3 a3 2 a 1 1 LE2 (b 1 1 x)

- a 3 3 a 2 2 a 2 1E 2 (b 2 1 x) + a3 3 a2 2 a 1 1 1."2(b1 1x) (5(i)

The general rule for the K functions is the same as that for the H functions with

the exponential function replaced by the second exponential integral function.

The energy deposition rate is

t)E(Z) ( ) n(z) dEEQ(E) E exp (-E/Eo) E2 (T)

min

o0

+ Z (E + nW) exp (-(E + nW)/E )b [Ln(T, E) - H (0, E) E2(T)1
n=l o ln

(57)

The rule for the L functions is the same as that for the I functions except that the

exponential function is replaced by the second exponential integral function. In

performing the integral over the total inelastic cross section, Q, the integral

may be truncated at some E ma x . When this is done the infinite sum terminates

at a maximum value, N, given by NW = Enax - E min

8.4 Isotropic-Monoenergeti4 Incident Flux

For an incident isotropic -monoenergetic flux the boundary condition is

Q(Es ) 6(E - Eo ) for -1 : s <0 (52)
0/

where Qs is the total energy flux in the downward direction and E is the electron

energy. The expression for D is
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-D(, E,/) (-7-) [6(E - E") exp ('r/p) 4 6(E + nW- Eo) b
1 n ni

X [In(nr//p, E) - 11n(0, E) exp (r/m)]} , (59)

with D 0 for 0- 1.

9. RELATIONSfIIP BETWEEN TilE ENER(Y DEPOSITION RATE
%NiD CII.\PIAN ANi) j FUNCTIONS

9.1 Prelimitiar. Remairk

Chapman functions are functions of altitude which arise in the Chapman the,,ry

,f the daytime Ionosphere. The functions gives the ionization rate, which is re-

lat ed to the energy deposition rate, for a single Chapman layer. The ionization

rate profile is prodtced by the photoionization of the neutral particle gas by

ionizing cI tromagnettic radiation from the sun. In the auroral zone at night,

the iwniztvd lay-er is produced by a different proess; the precipitation of eneigetic

electrons incident at the top of the atmosphere. It has been kno,,wn for sonic titice

that the auroral ionization rate profile (or energy deposition rate proftle) is much

more highly peaked as a function of altitude than is a single Chapmnan function.

In this section we establish the connection between the Chapman functio ns and

the aur 'ial ionization rate, specifically we she ,' that the solution for the 'iiergy

deposition rate in the auroral ionosphere is a superposition of Chapman functions

for unidirectional incident electron fluxes, and a superposition of what we call

J functions for isotropic incident electron fluxes. In otrder to do this a e use the

alterntive expression ror ril we obtain when Eq. (34) is subst itutd int,, Eq. (43).

ZO0

I ." - 1n) in

n I
n-1 i=1

v [ (E) exp (13 (1-:)'r(z, l'( ) exp (T(,. 1) u) (1;0)

'2 2



9.2 Generalized Chapman and J Functions

The Chapman functions as introduced by Chapman is 2 2

Ch(z) = n(z) exp o dy n(y)j (61)

where f is a constant and po is the cosine of the angle of incidence, xy where

0 × < ir/2. Let us now define a generalized Chapman function of three argu-

ments

Ch ne, f !- dy n(y (62)

z

where 0 s z < o, -1 5 1 < 0, and f is a positive function of E, where 0 s E < .,

By analogy with the Chapman function let us introduce a J function

J(z) fdp n(z) exp dyn(y (63)

-1z

and a generalized J function

J(z, f(E)) k- d n(z) exp dy n(y (64)

-1 z

where 0 s z < ac, and f is a positive function of E, where 0 _5 E < 00. Transform--1
ing Eq. (64) to an integral on t, where t -p we see that

J(z, f(E)) = n(z) E 2  (E) dy (65)

where E2 is defined by Eq. (53).

22. Chapman, S. (1931) The absorption and dissociative or ionizing effect of
monochromatic radiation in a n atmosphere on a rotating ,a Ith, Proc.
Phys. Soc. 43:26.
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9.3 Energy Deposition Rate for 1'nidirectional Incident FitaRxe

For a unidirectional incident flux (po cos X, 0 -x < 7T/2) the energy depo-

sition rate given by Eq. (G0) is

E

W~.Z 2 7 dE I':Q(I :) (E') Ch , __Q(E

m in

N n

+~ Z Z 4, (E +nW) A,,(E)
n~l _ 1

1.1,~() C h B I, 1 .:)Q(E)- (h -i Q (v)j

Thus, the exact solution ,t Eq. (10 yields the energy deposition lat. :is :i n , y

integral ove-r a fimi e supelposit ion or generalized Chapman runut ins.

The explicit solution for a undeidi i-octional-rmon!en,getic in flux

N n

+ (I - nw//E,)B(E - nW)A ni (E o - n\%)

-f(E nV) Ch (7.2, Bf (Eo - nW) Q(Fo - /\')

SCh Q( - Q(E W) (67)

This explicit solution reduces toi a finite supercposition oi genecalized Chapman

functions with shifted energy arguments.
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I. Vii.erg D~epositioni Ratie for Isotropic 110'ideI'il Iixes

I , tr:I liot r'rplir Ittiidenrt fltix I' e 1ti'fgy d i t in , it .0 1S

Vt Wz 21, f.: dlD EKQlC Nl:Jil*) E I n\V' ) A (I.)

fe re, the exact sirlut ion of I :q. (I H) vi'lds in (' ner-g\' depositioen !aie is' Znl~fir

integral over a finite sum of generalized J funct ions.

F.or an ist topic -iAionoenertge ti in( mident flux ithe r'nerx' integral can be doe

explicitly and for an i sot ropi (- \axwellian incident flux the( energ, integral r-an he

done by quad ratu re.

10. t SEM'O PSIKI DO)1CEI(IS To %PPROXIMATE TIlE St- IS

In thle formrulae of Sect ions ii through 9. WV is a number on the Order OF 40 eV

and the Pri mary au rortal elect ron energies range froirn bout 1 to 6iO KeV. As a

result, thle suill inl the for~mulas e-xtot to -as mann as 1500 to rns representing is

many as 1500 scatt erings before an energetic elect ron loses all its ene rgy. Hiow -

ever, it turns out that a gorod a pproximat ion to these lar'ge sums may be Obtained

by introducing the not ion OF pseudopart i clos oh ich, in turn, allowNs us to take

manY fewer terms in each sumi. A pseudopa rt ide is a particle which as a cr'oss

sect ion XV 'AV ptimes smaller than the real part icle but has an average ene r'gy loss
per inelastic collision W XX'A times greater, such that the prodtr 2t of the twore I-(

r'mains thle same. WVith h is approximation a goiod answer is obtained for the( sumis

given in Sect ions (; through 9 with nranY Few er t orns in each sumi.

In order to Introduce pseudopart ices i ntoi thle equrations Of Sect ions 6i through

9 we simply replace Q by Q pand %V by XW p, that is,

Q(E) - Q (1)KE) M(XX XV )Q(IK) (0;)

W - WV (XV /W) NV .(70)

W~e have examined the convergence of the pseudoparticle mnethod as %\e

approximate the sumns by a smaller and smaller number', N, of pseudnrscattertngs

25
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spanning the eao irg\ range From E: 11 i: E ni iWave Found that a good ansNvl

can be obtainied % it h I sur'prisi nglY small number if pseudos atter ings. Ii U I
exam tple, for an isot topic -M\ax\% eli ian Inceident flux k it h Eo ranging betweven I and

10 K(-% only 10 to 15 pseudiiscatterings spanning the energy range are neede-d to,

obtain answ~ers to i ithin a few percent of the full solution -it mo(st ailtitudes of

interest.

In Figurte 1 %%e show the hemn i spli r cally ave .aged parial fluxes, O~n f U a

sequence of n values for an isot ropic -xaellian inc-ident flux x% ith E o 2 KeV

and Qs = 1 erg, cm 2s for the case \%here N 12. That is toi sayv, 12 pseudoscat-

terings spanning the ene rgy range of inie test fromn E Mx 13 A RV to

Ein - 1 KeV. In Figure 2 we illust rate the rate (if converigence of(Di by sill%%

ing the sequence oIf partial sums of 0 11n for- the same case. In Figure :3 tk e sho%%

the partial ioni zat ion rates (ri in 'rlnl34) for the same case. Note that for r7 I
w~e obtain a J funct ion profile and for YjI n (n -- 1) we obtain functions with a single

node, each o~f which subttacts fromir t at high altitudes and adds to Y7 . a t low

altitudes. In Figure 4 we show the rate (If convergence of in by show ing the

sequence oIf partial sums of Y7 i for the above case.

200

E0 2KeV

180

n -0

60
nl=1

n=2

40

120

t00o

OH, (Z, E =2 5 Kevt tet/cm 
2 s eV srt

Figure 1. flemispherically Averaged Partial Fluxes for
an isotropic Maxwellian with E. 2 Key, Qs 1 erg/
cm s and N 120

261



I E 0  2KeV

160
I &:

NM

140 m 4

120

100[ - ]
2 4

10 10 '0

4, (Z, E 2 5 KeY) (el/cm
2  

s eV sr)
r. 0

Figure 2. Sequence of Partial Sums or Ilemispherically
Averaged Partial Fluxes for an Isotropic-Alaxwellian as
in Figure 1

E0 = 2KeV

I 2

80 O 00 0'q C' 0 20 25 ,0 4"0

k m , ) 0I

Figure 3. Partial Ionization Rates for an IsQtropic-
Maxwellian with E 0 2 KeV, Qs - 1 erg/cm s and
N 12 o
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200 0 e
E0 2KeV

180

160 0

r1
4

0 M:I

120 m=4

m 12

i00!Z~ ZZ Z

fO2 1O3 1D4

,7 (Z) (Cm 
3

s I

Figure 4. Sequence or Partial Sums of Pa rtial loniza-
tion Rates for an Isotrtpic-Maxwellian as in Figure 3

As a general rule we find that the lowor the altitude the mote pseudoscatter-

ings (the larger the N) covering the range from IFMa x t oVi are needed to ob-

tain a good answer. For example, we find that in the above cas., the difference

in the energy deposition rate for N - 12 and N - 20 is -0.25 percent at IGO kil

+0. 8 percent at 110 km and +1. t percent at 104 ki.

II. COMPA.RISONS

11.1 Preliminary Remarks

In this section, we compare our analytical results to other t ransport calcula-

tions. Quantities of interest are the electron flux, its hem ispherically averaged

value, and the energy deposition rate. Selected comparisons will be Made for.

monoenergetic and ,laxwellian sources.

The particular models we use for comparisons are the IRees, Range, and

Strickland models. A Range model was specifically developed for this work and

to follow will be a brief description of its contents. We start with the loss

28
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function, L(E), which one can obtain ft om the Bethe formula 21ror energies aibove

several hundred eV or fromn cross sections using

L() ~."k exk" + JE( )a if (E% 1.) (' 1)

k

L(E) has been calculated from the cross sections in Strickland et al, for, N.), and

fromi current tabulations for- 0 2 and 0. 12 The formula needed to specify the

energy loss is

o

E(z, E po) EO -z pL 1 d 1' E p,(~' . ))(z) (72)

where ;A is the cosine of inc-ident angle, Z is aiitude, VF is thle starting energy

at z, and n.(W is the particle density of the ith neutral species. The energy.

deposition rate is

For- all four, models compa red in this section thle Ja ccia (10001))23 titodel

atmosphere was used. For the Strickland and Hange models thle same individu 11

inelastic cross sect ions and constituent neutral densities w ere, used and fort the

analytic model thle same total inelastic cross section was used. The we ighted

total inelastic cross sect ion, Q(EH), was 2. 83, 1.3:1, 0. 568, 0. 221, 0. 0895 and

0.0297 times 10- 1 ( in cm f oi, 0..3, 1, :3, 10, :30, and 100 KeV, respect ivel.

The value used for L was :34 eV and the values used for- W are given in Section 4.

it ~ ~11.2 Gonipariiwns for Iso(rmpjic-Mtoimeniergefic Incideoit F~luxes

The models to be considered are the analytic, Rees, and Range models.

Incident energies to be considered are 2, 5, and 10 KReV. Figure 5 shows ?I~.: v's Y

for incident power, densities of 1 erg/cm s. The Rees results were generated t-c

us using his energy dissipation function. The analytic and Range results are( simv-

ilar as expected since the corresponding models both contain thle forward

23. Jarchia, L. G. (1977) Thermospheric tenmpetratute, densitY, and cotapos ionl:
new models, Rep. :375, Smithson. Ast tophys. Ohsetv. , Catmbtidge, Mlass.
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Figure 5. Energy Deposition Hates from the
Analytic, Range, and Rees Models for 10, 5,
and 2 KeV fsotropic-Mono~nergetic Sources
Each Containing I erg/cmns
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scattering approxinmation. Departures result From the it)ern~s0 the. descrip-

tion oif energy loss. The analyt ic mo del allows F,, d i ret ,ze rgy lwss and in*

turn st raggling. Greater differences exist bet a een I Lie alto lvt ir and itees r-esults,

the latter showing a bro-ide r deposit ion prof with less total ene rgy depo s ition.

We expect these latter result s to be the more accurate sinre t hey include the

effect of pitch angle scattering.

I11.3 (Ctiiparismis for IsolroicMax~~eIliati Inmcidenti Fliaxt's

The nmodels to he cons ide red are the analytic, Range, and StilIa n id)(els.

Characteristic energies to be cons ide red ale 1, 2, and 5 KoV. Vigure 6~ shkas

the incident isotropic-Al :txa ellian dlist ribut ions for these energies. A gain, the

incident power densities tire 1 erg rm 2s. F'igure 7 shows Yj E, vs / fro the three

models and three incident fluxes. These results exhibit basicallY the saime

behavior as those appearing in Figure 5. The Strickland results girve ai broader

distribution with a smAler total energy deposi ion rate due to pitch angle scatler -

ing, contained in his model. For all the analyt ical results of this set in, 12

pseudoscatterings were used spanning the rang( from 1 to 13 ReV. Based upon

our studies 12 pseudoscat te rigs give a solution )f Eq. (1f;) to within about

2 percent for all altitudes above 104 kmn.

-Z 10
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0

142. KeV 1-eV
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0
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-7 N e /m

20

00
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Figure 7. Energy Deposition Rahtes from the
Analytic, Rlange, and Strickland Models for-
the 5, 2, and 1 KeV Isotropic -Maxwellian
Sources as in Figure 6
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We are interested in knowing how well the analytic model does on the electron

flux itself. Since the model contains the forward scattering approximation, we

are specifically referring to 'he downward moving flux. To investigate this point,

fluxes from the analytic and Strickland models have been ronpa red at selected I

altitudes and energies. Figure 8 allows for such a comparison at 110 kin, for

the 2 KeV isotropic-Alaxwellian case. As expected, the analytic results are high H
near AA : 1 and low as u - 0 due to the forward-scattering approximation. The

differences increase with decreasing energy since scattering becomes more im-

portant at low energy. Figure 9 shows the hemispherically averaged flux for the

two models from - 1 to 10 KeV at 110 and 160 km.

12. CONCLUSION

From the preceding results we conclude that the forward scattering and aver-

age discrete energy-loss approximations, which at first seem quite sew-re, to-

gether with the pseudoparticle method of approximating the sums, produce a sl-

ution for the primary auroral electron flux in the downward hemisphere which is

quite simple to use and is surprisingly close to most of the detailed numerical

results of Strickland et al. 12 Fhe formulae we give for the primary auroral

electron flux and the quantities det-ived from it give us insight into the physics of

the electron precipitation process and also provide a means of making rapid cal-

culations for the put-pose of analyzing auroral data. We also hope that the reader

will find :he results presented in this paper useful in further auroral studies.
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